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Abstrat. The phase diagram of a biased graphene bilayer is omputed and the
existene of a ferromagneti phase is disussed both in the ritial on-site interation
Uc versus doping density and versus temperature. We show that in the ferromagneti
phase the two planes have unequal magnetization and that the eletroni density is
hole like in one plane and eletron like in the other. We give evidene for a rst-order
phase transition between paramagneti and ferromagneti phases indued by doping
at zero temperature.
PACS numbers: 73.20.Hb,81.05.Uw,73.20.-r, 73.23.-b
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1. Introdution
Graphene, a two-dimensional hexagonal lattie of arbon atoms, has attrated
onsiderable attention due to its unusual eletroni properties, haraterized by massless
Dira Fermions.[1, 2, 3℄ It was rst produed via miromehanial leavage on top of a
SiO2 substrate[4, 5℄ and its hallmark is the half integer quantum Hall eet.[6, 7℄
In addition to graphene, few-layer graphene an also be produed. Of partiular
interest to us is the double layer graphene system, where one enounters two arbon
layers plaed on top of eah other aording to usual Bernal staking of graphite
(see Fig. 1). The low-energy properties of this so-alled bilayer graphene are then
desribed by massive Dira Fermions.[8℄ These new quasi-partiles have a quadrati
dispersion lose to the neutrality point and have reently been identied in Quantum
Hall measurements[9℄ and in Raman spetrosopy.[10, 11℄
In a graphene bilayer it is possible to have the two planes at dierent eletrostati
potentials.[12, 13℄ As a onsequene, a gap opens up at the Dira point and the low
energy band aquires a Mexian hat relation dispersion.[14℄ This system is alled a
biased graphene bilayer. The potential dierene reated between the two layers an
be obtained by applying a bak gate voltage to the bilayer system and overing the
exposed surfae with some hemial dopant, as for example Potassium[12℄ or NH3.[13℄
In addition, it is also possible to ontrol the potential dierene between the layers
by using bak and top gate setups.[15℄ The opening of the gap at the Dira point
in the biased bilayer system was demonstrated both by angle resolved photoemission
experiments (ARPES)[12℄ and Hall eet measurements.[13℄ The eletroni gap in the
biased system has been also observed in epitaxially grown graphene lms on SiC rystal
surfaes.[16℄
Due to the Mexian hat dispersion relation the density of states lose to the gap
diverges as the square root of the energy. The possibility of having an arbitrary large
density of states at the Fermi energy poses the question whether this system an be
unstable toward a ferromagneti ground state. The question of magnetism in arbon
based systems already has a long history. Even before the disovery of graphene,
highly oriented pyrolyti graphite (HOPG) has attrated a broad interest due to the
observation of anomalous properties, suh as magnetism and insulating behavior in the
diretion perpendiular to the planes. [17, 18, 19, 20, 21℄ The researh of s − p based
magnetism[22, 23, 24℄ was espeially motivated by the tehnologial use of nanosized
partiles of graphite, whih show interesting features depending on their shape, edges,
and applied eld of pressure.[25℄
Mirosopi theoretial models of bulk arbon magnetism inlude nitrogen-arbon
ompositions where ferromagneti ordering of spins ould exist in pi deloalized systems
due to a lone eletron pair on a trivalent element[26℄ or intermediate graphite-
diamond strutures where the alternating sp2 and sp3 arbon atoms play the role of
dierent valene elements. [27℄ More general models fous on the interplay between
disorder and interation. [28, 29℄ Further, midgap states due to zig-zag edges play a
First order ferromagneti phase transition in the low eletroni density regime of a biased graphene bilayer3
predominant role in the formation of magneti moments [30, 31℄ whih support at-
band ferromagnetism.[32, 33, 34℄ A generi model based on midgap states was reently
proposed in Refs. [35, 36℄. Magnetism is also found in fullerene based metal-free
systems.[37℄ For a reent overview on metal-free Carbon-based magnetism see Ref. [38℄.
To understand arbon-based magnetism in graphite, one may start with the
simplest ase of one-layer, i.e., graphene. Beause the density of states of intrinsi
graphene vanishes at the Dira point, the simple Stoner-like argument predits an
arbitrary large value of the Coulomb on-site energy needed to produe a ferromagneti
ground state.[39, 40℄ In fat, beause of the vanishing density of states, the Coulomb
interation is not sreened and the Hubbard model is not a good starting point to
study ferromagnetism in lean graphene. One, therefore, has to onsider the exhange
instability of the Dira gas due to the bare, long-range Coulomb interation in two
dimensions. This study shows that for a lean, doped or undoped graphene layer, a spin-
polarized ground-state due to the gain of exhange energy is only favorable for unphysial
values of the dimensionless oupling onstant of graphene.[41℄ The paramagneti ground-
state of lean graphene is thus stable against the exhange interation. If the system is
disordered, e.g., due to vaanies or edge states, a nite density of states builds in at
the Dira point. As a onsequene, a nite Hubbard interation for driving the system
to a ferromagneti ground state is obtained.[42℄ In this ase, the exhange interation
favors a ferromagneti ground state for reasonable values of the dimensionless oupling
parameter.[41℄ The presene of itinerant magnetism due to quasi-loalized states indued
by single-atom defets in graphene, suh as vaanies,[43℄ has also been obtained reently
using rst-priniples.[44℄
The situation is quite dierent in a bilayer system. There, a nite density of
states exists at the neutrality point produing some amount of sreening in the system.
Moreover, in the ase of a biased bilayer and for densities lose to the energy gap, the
density of states is very large produing very eetive sreening. As a onsequene, for
this system the Hubbard model is a good starting point to study the tendeny toward
ferromagnetism. From the point of view of the exhange instability of the bilayer system,
it is found that the system is always unstable toward a ferromagneti ground state for
low enough partile densities. [45, 46, 47℄
In the present paper, we want to explore the fat that the Hubbard model is a
good starting point to desribe the Coulomb interations in the regime where the Fermi
energy is lose to the band edge of the biased bilayer system. In partiular we want to
study the phase diagram of the system as funtion of the doping. We further want to
determine the mean eld ritial temperature.
The paper is organized as followed. In setion 2, we introdue the model and dene
the mean-eld deoupling whih allows for dierent eletroni density and magnetization
in the two layers. In setion 3, we set up the mean-eld equations and present the
numerial results in setion 4. We lose with onlusions and future researh diretions.
First order ferromagneti phase transition in the low eletroni density regime of a biased graphene bilayer4
2. Model Hamiltonian and mean eld approximation
The Hamiltonian of a biased bilayer Hubbard model is the sum of two piees H =
HTB + HU , where HTB is the tight-binding part and HU is the Coulomb on-site
interation part of the Hamiltonian. The tight-binding Hamiltonian is itself a sum
of four terms desribing the tight-binding Hamiltonian of eah plane, the hopping term
between the planes, and the eletrostati bias applied to the two planes. We therefore
have,
HTB =
2∑
ι=1
HTB,ι +H⊥ +HV , (1)
with
HTB,ι = − t
∑
R,σ
[a†ισ(R)bισ(R) + a
†
ισ(R)bισ(R− a1)
+ a†ισ(R)bισ(R− a2) +H.c.] , (2)
H⊥ = −t⊥
∑
R,σ
[a†1σ(R)b2σ(R) + b
†
2σ(R)a1σ(R)] , (3)
and
HV =
V
2
∑
R,σ
[na1σ(R) + nb1σ(R)− na2σ(R)− nb2σ(R)] . (4)
As regards the bias term in Eq. (4), we assume here that V an be externally ontrolled
and is independent of the harge density in the system. This situation an be realized
with a bak and top gate setup.[15℄ The on-site Coulomb part is given by,
HU = U
∑
R
[na1↑(R)na1↓(R) + nb1↑(R)nb1↓(R)
+ na2↑(R)na2↓(R) + nb2↑(R)nb2↓(R)] , (5)
where nxισ(R) = x
†
ισ(R)xισ(R), with x = a, b, ι = 1, 2 and σ =↑, ↓.
The problem dened by the Hamiltonian HTB + HU an not be solved exatly
and therefore we have to rest upon some approximation. Here we adopt a mean eld
approah, negleting quantum utuations. Sine we are interested in studying the
existene of a ferromagneti phase we have to introdue a broken symmetry ground
state. There is however an important point to remark: sine the two planes of the
bilayer are at dierent eletrostati potentials one should expet that the eletroni
density and the magnetization will not be evenly distributed among the two layers.
Therefore our broken symmetry ground state must take this aspet into aount. As a
onsequene we propose the following broken symmetry ground state:
〈nx1σ(R)〉 = n+∆n
8
+ σ
m+∆m
8
, (6)
and
〈nx2σ(R)〉 = n−∆n
8
+ σ
m−∆m
8
, (7)
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Figure 1. (Color online) The unit ell a of graphene bilayer in the Bernal staking.
The dashed hexagons are on top of the solid ones. The unit ell vetors have oordinates
a1 = a(3,
√
3)/2 and a2 = a(3,−
√
3)/2.
where n is the density per unit ell and m = n↑ − n↓ is the spin polarization per unit
ell. The quantities ∆n and ∆m represent the dierene in the eletroni density and in
the spin polarization between the two layers, respetively.[48℄ We note that m and ∆m
are independent parameters, being in priniple possible to have a ground state where
m = 0 but ∆m 6= 0.
When transformed to momentum spae the mean eld Hamiltonian obtained from
the above reads
HMF =
∑
k,σ
Ψ†
k,σHk,σΨk,σ
− NcU
32
[(n+∆n)2 − (m+∆m)2]
− NcU
32
[(n−∆n)2 − (m−∆m)2] , (8)
with Ψ†
k,σ = [a
†
1kσ, b
†
1kσ, a
†
2kσ, b
†
2kσ] and Hk,σ given by
Hk,σ =


sσ −tφk 0 −t⊥
−tφ∗
k
sσ 0 0
0 0 pσ −tφk
−t⊥ 0 −tφ∗k pσ

 , (9)
with sσ =
V
2
+
(
n+∆n
8
− σm+∆m
8
)
U , pσ = −V2 +
(
n−∆n
8
− σm−∆m
8
)
U , and φk =
1 + eik·a1 + eik·a2. The energy eigenvalues are given by,
Ej,lσ (k, m,∆m) =
(n
8
− σm
8
)
U (10)
+
l
2
√
2t2⊥ + V
2
σ + 4t
2|φk|2 + j2
√
t4⊥ + 4t
2(t2⊥ + V
2
σ )|φk|2 ,
where l, j = ± and Vσ is given by
Vσ = V + U∆n˜ − σU∆m˜ , (11)
First order ferromagneti phase transition in the low eletroni density regime of a biased graphene bilayer6
where we have introdued the denitions ∆n = 4∆n˜ and ∆m = 4∆m˜. It is lear that
as long as ∆n and ∆m are nite the system has an eetive Vσ that diers from the
bare value V . The momentum values are given by,
k =
m1
N
b1 +
m2
N
b2 , (12)
with m1, m2 = 0, 1, . . . N − 1, the number of unit ells given by Nc = N2, and b1 and
b2 given by,
b1 =
2pi
3a
(1,
√
3) , b2 =
2pi
3a
(1,−
√
3) . (13)
The Brillouin zone of the system is represented in Fig. 2.
K
Γ M
b
b1
2
Figure 2. (Color online) Brillouin zone of the bilayer problem. The Dira point K
has oordinates 2pi(1,
√
3/3)/(3a) and the M point has oordinates 2pi(1, 0)/(3a).
3. Free energy and mean-eld equations
The free energy per unit ell, f , of Hamiltonian (8) is given by,
f = − kBT
Nc
∑
k,σ
∑
l,j=±
ln
(
1 + e−(E
l,j
σ (k)−µ)/(kBT )
)
(14)
− U
16
[n2 −m2 + (∆n)2 − (∆m)2] + µn ,
where µ is the hemial potential.
Let us introdue the density of states per spin per unit ell ρ(E) dened as
ρ(E) =
1
Nc
∑
k
δ(E − t|φk|) . (15)
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The momentum integral in Eq. (15) is over the Brillouin zone dened in Fig. 2, using
the momentum denition (12). The integral an be performed leading to,
ρ(E) =
2E
t2pi2


1√
F (E/t)
K
(
4E/t
F (E/t)
)
, 0 < E < t ,
1√
4E/t
K
(
F (E/t)
4E/t
)
, t < E < 3t ,
(16)
where F (x) is given by
F (x) = (1 + x)2 − (x
2 − 1)2
4
, (17)
and K(m) is dened as,
K(m) =
∫ 1
0
dx[(1− x2)(1−mx2)]−1/2 . (18)
Using Eq. (15), the free energy in Eq. (15) an be written as a one-dimensional
integral,
f =
−kBT
∑
σ
∑
l,j=±
∫
dEρ(E) ln
(
1 + e−(E
l,j
σ (E)−µ)/(kBT )
)
− U
16
[n2 −m2 + (∆n)2 − (∆m)2] + µn . (19)
The mean eld equations are now obtained from the minimization of the free energy
(19). The doping, δn, relative to the situation where the system is at half lling is
dened as,
δn =
∑
σ
∑
l,j=±
∫
dEρ(E)f [El,jσ (E)− µ]− 4 , (20)
where f(x) = (1 + ex/(kBT ))−1. The spin polarization per unit ell obeys the mean eld
equation,
m =
∑
σ
∑
l,j=±
σ
∫
dEρ(E)f [El,jσ (E)− µ] . (21)
The dierene in the eletroni density between the two layers is obtained from,
∆n˜ =
1
2
∑
σ
∑
l,j=±1
∫
dEρ(E)f [El,jσ (E)− µ]vl,jσ (E) , (22)
where vl,jσ (E) is given by
vl,jσ (E) =
l
2
Vσ√
. . .
(
1 +
j4E2√
t4⊥ + 4E
2(t2⊥ + V
2
σ )
)
, (23)
and
√
. . . =
√
2t2⊥ + V
2
σ + 4E
2 + j2
√
t4⊥ + 4E
2(t2⊥ + V
2
σ ) . (24)
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The dierene in the magnetization between the two layers is obtained from
∆m˜ =
1
2
∑
σ
∑
l,j=±1
σ
∫
dEρ(E)f [El,jσ (E)− µ]vl,jσ (E) , (25)
Let us now assume that the system supports a ferromagneti ground state whose
magnetization vanishes at some ritial value Uc at zero temperature. Additionally we
assume that ∆m = 0 when m = 0, whih will be shown to be the ase in this system.
The value of Uc is determined from expanding (21) to rst order in m, leading to,
1 =
Uc
4
∑
l,j=±1
∫
dEρ(E)δ[El,jσ (E, 0, 0)− µ]
=
Uc
4
∗∑
l,j,k=±1
ρ(E∗k)
|f ′l,j(E∗k)|
θ(3t−E∗k)θ(E∗k)
=
Uc
4
ρb(µ˜, Uc) = Ucρ˜b(µ˜, Uc) , (26)
where ρb(µ˜, Uc) is the density of states per unit ell per spin for a biased bilayer at the
energy µ˜ = µ − nUc/8 and ρ˜b(µ˜, Uc) is the density of states per spin per lattie point.
Although Eq. (26) looks like the usual Stoner riterion the fat that the bias Vσ given in
Eq. (11) depend on U due to the dierene in the eletroni density ∆n makes Eq. (26) a
non-linear equation for Uc whih must be solved self-onsistently. For low doping δn the
produt Uc∆n˜ is a small number when ompared to V and therefore it an be negleted
in Eq. (11). In this ase Eq. (26) redues to the usual Stoner riterion:
Uc ≃ 1/[ρ˜b(µ˜)] . (27)
The quantities E∗k in Eq. (26) are the roots of the delta funtion argument,
El,jσ (E
∗
k)− µ = 0 . (28)
The quantity f ′l,j(E
∗
k) is the derivative in order to the energy E of Eq. (28) evaluated at
the roots E∗k . The roots E
∗
k are given by
E∗k =
1
2
√
4µ˜2 + V 2σ + k2
√
4µ˜2(t2⊥ + V
2
σ )− t2⊥V 2σ , (29)
with k = ±. Equation (28) annot be solved for all bands: the existene of a solution
is determined by µ. As a onsequene we added the ∗ symbol in the summation of
Eq. (26), whih means that only bands for whih Eq. (28) an be solved (two at the
most) ontribute to the summation. It also means that for the ontributing bands only
real roots in Eq. (29) are taken into aount to the summation. The number of real
roots in Eq. (29) depends on the partiular band an µ through Eq. (28). As the funtion
f ′l,j(E) is given by
f ′l,j(E) =
2lE√
. . .
(
1 + j
t2⊥ + V
2
σ√
t4⊥ + 4E
2(t2⊥ + V
2
σ )
)
. (30)
it is lear that both roots are imaginary for µ˜ in the range
− t⊥Vσ
2
√
t2⊥ + V
2
σ
< µ˜ <
t⊥Vσ
2
√
t2⊥ + V
2
σ
, (31)
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whih means that the system has an energy gap of value
∆g =
t⊥Vσ√
t2⊥ + V
2
σ
. (32)
We nally note that sine we have assumed ∆m = 0, Vσ does not eetively depend on
σ.
4. Results and Disussion
We start with the zero temperature phase diagram in the plane U vs. δn. An
approximate analyti treatment is possible in this limit, whih is used to hek our
numerial results. The eet of temperature is onsidered afterwards.
4.1. Zero temperature
4.1.1. Approximate solution In Fig. 3 we represent the density of states of a biased
bilayer with U = 0 together with the low doping ritial value Uc, as given by Eq. (27).
In panel (b) of Fig. 3 a zoom in of the density of states lose to the gap is shown. It
is lear that the density of states diverges at the edge of the gap. As onsequene the
loser to edge of the gap the hemial potential is the lower will be the ritial Uc value.
This quantity is shown in panel () of Fig. 3 as funtion of the hemial potential µ˜ and
in panel (d) as a funtion of doping δn. The lowest represented value of Uc is about
Uc ≃ 2.7 eV to whih orresponds an eletroni doping density δn ≃ 2.5×10−5 eletrons
per unit ell. The step like disontinuity shown in panels () and (d) for Uc ours when
the Fermi energy equals V/2, signaling the top of the Mexian hat dispersion relation.
It is lear from panel (d) of Fig. 3 that in the low doping limit Uc is a linear funtion
of doping δn. This limit enables for an approximate analyti treatment whih not only
explains the linear behavior but also provides a validation test of our numerial results.
Firstly we note that for very low doping the density of states in Eq. (27) is lose to the
gap edge, |µ˜| ∼ ∆g/2, where ∆g is the size of the gap Eq. (32). In this energy region
the density of states has a 1D like divergene,[14℄ behaving as,
ρb(µ˜) ∝ 1√|µ˜| −∆g/2 . (33)
Using this approximate expression to ompute the doping, δn ∝ sign(µ˜)×∫ |µ˜|
∆g/2
dx ρb(x),
we immediately get δn ∝ sign(µ˜)/ρb(µ˜) and thus Uc ∝ |δn|. In order to have an analyti
expression for Uc in the low doping limit we have to take into aount the proportionality
oeient in Eq. (33). After some algebra it an be shown that the density of states
per spin per lattie point near the gap edge an be written as,
ρb(µ˜) ≈ 1
t24pi2
√
∆g(t2⊥ + V
2)
F (χ)
K
(
4χ
F (χ)
)
1√|µ˜| −∆g/2 , (34)
where χ = [(∆2g + V
2)/(4t2)]1/2, with F (x) and K(m) as in Eqs. (17) and (18). The
doping δn, measured with respet to half lling in units of eletrons per unit ell, an
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Figure 3. (Color online) (a)  Density of states ρ(µ˜) per unit ell per spin of the
bilayer problem with U = 0. (b)  Zoom of (a) near the gap region. ()  Critial
value Uc for ferromagnetism in the low doping, δn, regime. (d)  The same as in ()
as a funtion of doping. The parameters are t = 2.7 eV, t⊥ = 0.2t, V = 0.05 eV. The
edge of the gap is loated at ∆g/(2t) ≃ 0.00922.
be written as,
δn = sign(µ˜)× 8
∫ |µ˜|
∆g/2
dx ρb(x)
≈ 4
t2pi2
√
∆g(t
2
⊥ + V
2)
F (χ)
K
(
4χ
F (χ)
)√
|µ˜| −∆g/2. (35)
Inserting Eq. (34) into Eq. (27), and taking into aount Eq. (35), we are able to write,
Uc ≈ t4pi4 F (χ)
∆g(t
2
⊥ + V
2)
[
K
( 4χ
F (χ)
)]−2
δn . (36)
In panel (d) of Fig. 3 both the numerial result of Eq. (27) and the analytial result of
Eq. (36) are shown. The agreement is exellent.
4.1.2. Self-onsistent solution We now need to solve the mean eld equations in order
to obtain the zero temperature phase diagram of the biased bilayer. In order to ahieve
this goal we study how m, ∆m, and ∆n depend on the interation U , for given values
of the eletroni doping δn.
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Figure 4. (Color online) Panels (a), (b), and () show the zero temperature self-
onsistent solution for m, ∆m, and ∆n, respetively. The zero temperature phase
diagram of the biased bilayer in the U vs. δn plane is shown in panel (d). Symbols
in panel (d) are inferred from panel (a) and signal a rst-order phase transition; the
solid [Eq. (26)℄ and dashed [Eq. (36)℄ lines stand for a seond-order phase transition.
The onstant parameters are V = 0.05 eV, t⊥ = 0.2t, and t = 2.7 eV.
In panel (a) of Fig. 4 it is shown how m depends on U for dierent values of δn. The
hosen values of δn orrespond to the hemial potential being loated at the divergene
of the low energy density of states. The lower the δn is the more lose to the gap edge is
the hemial potential and therefore the larger the density of states is. As a onsequene,
m presents a smaller ritial Uc value for smaller δn values. It is interesting to note that
the magnetization saturation values orrespond to full polarization of the doping harge
density with m = δn, also found within a one-band model.[46℄ In panel (b) of Fig. 4 we
plot the ∆m mean eld parameter. Interestingly the value of ∆m vanishes at the same
Uc as m. For nite values of m we have ∆m > m, whih means that the magnetization
of the two layers is opposite. We therefore have two ferromagneti planes that possess
opposite and unequal magnetization. In panel () of Fig. 4 we show the value of ∆n
as funtion of U . It is lear that |δn| < |∆n|, whih implies that the density of harge
arriers is above the Dira point in one plane and below it in the other plane. This
means that the harge arriers are eletron like in one plane and hole like in the other.
In panel (d) of Fig. 4 we show the phase diagram of the system in the U vs. δn plane.
Symbols are inferred from the magnetization behavior in panel (a). They signal a rst-
order phase transition when m inreases from zero to a nite value [see panel (a)℄. The
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Figure 5. (Color online) Eet of t⊥ and V on the zero temperature Uc vs. δn phase
diagram: (a) xed t⊥ = 0.2t and varying V ; (b) xed V = 0.05 eV and varying t⊥.
For a given δn the ferromagneti phase establishes for U > Uc and the paramagneti
phase for U < Uc.
full (red) line is the numerial self-onsistent result of Eq. (26), and the dashed (blue)
line is the approximate analyti result given by Eq. (36). The disrepany between lines
and symbols has a lear meaning. In order to obtain both Eqs. (26) and (27) we assumed
that a seond-order phase transition would take plae, i.e., the magnetization m would
vanish ontinuously when some ritial Uc is approahed from above. This is not the
ase, and the system undergoes a rst-order phase transition for smaller U values than
those for the seond-order phase transition ase. There are learly two dierent regimes
in panel (d) of Fig. 4: one at densities lower than δn . 1× 10−4, where the dependene
of δn on Uc is linear, and another regime for δn > 1×10−4 where a plateau like behavior
develops. This plateau has the same physial origin as the step like disontinuity we
have seen in panels () and (d) of Fig. 3. Clearly, as the density δn grows the needed
value of Uc for having a ferromagneti ground state inreases. This is a onsequene of
the diverging density of states lose to the gap edge. As regards the limit δn → 0 it is
obvious from panel (d) of Fig. 4 that we have Uc → 0. It should be noted, however, that
lowering the density δn leads to a derease of m and ∆m, as an be seen in panels (a)
and (b) of Fig. 4. Therefore, even though we have Uc → 0 in the limit δn→ 0, we have
also m→ 0 and ∆m→ 0, whih implies a paramagneti ground state for the undoped
(δn = 0) biased bilayer. Only ∆n remains nite at zero doping, in agreement with the
observations that sreening is still possible at the neutrality point (δn = 0 ).[49, 13, 50℄
So far we have analyzed the system for xed values of the bias voltage, V , and
interlayer oupling, t⊥. In Fig. 5 we show the eet of the variation of these two
parameters on the zero temperature phase diagram. In panel (a) we have xed the
interlayer oupling, t⊥ = 0.2t, and varied the bias voltage, V (eV) = {0.01, 0.05, 0.1}; in
panel (b) we did the opposite, with V = 0.05 eV and t⊥/t = {0.05, 0.1, 0.2}. Essentially,
raising either V or t⊥ leads to a derease of the ritial interation, Uc, needed to establish
the ferromagneti phase for a given δn. The order of the transition, however, remains
rst-order : for a given δn, the ritial interation Uc predited by Eq. (26), whih is
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valid for a seond-order phase transition, is always higher than what is obtained by
solving self-onsistently the mean-eld equations, meaning that a rst-order transitions
is ourring at a lower Uc. It is interesting to note that the eet of V and t⊥ on the
rst-order ritial Uc line is similar to what is expeted for the usual Stoner riterion,
where inreasing either V or t⊥ gives rise to an inrease in the density of states at the
Fermi level and a lower Uc thereof.
The bias voltage and the interlayer oupling have also interesting eets on the
magnetization, m, and spin polarization dierene between layers, ∆m. Dereasing t⊥
leads to a derease in ∆m, and below some t⊥ we have ∆m < m, as opposed to the
ase disussed above (V = 0.05 eV and t⊥ = 0.2t). In partiular, for V = 0.05 eV, we
have already found ∆m < m for t⊥ ≤ 0.1t. A similar eet has been observed when V
is inreased. For t⊥ = 0.2t we have found ∆m < m for V ≥ 0.1 eV. It should be noted,
however, that m and ∆m are U-dependent. Inreasing U leads m to saturate while ∆m
keeps growing, as an be seen in panels (a) and (b) of Fig. 4 for the partiular ase of
V = 0.05 eV and t⊥ = 0.2t. This means that, depending on the value of the parameters
V and t⊥, we an go from ∆m < m to ∆m > m just by inreasing the interation
strength U . It an also be seen in panel (a) of Fig. 4 that m is ompletely saturated
at the transition for δn < δnc ≈ 6 × 10−5 eletrons per unit ell, while for δn > δnc it
saturates only at some U > Uc. Even though this behavior seems to be general for any
V and t⊥, the value of δnc is not. In partiular, we have found δnc to depend strongly
on V  it seems to vary monotonially with V , inreasing when V inreases. Let us
nally omment on the eet of V and t⊥ on the harge imbalane between planes, ∆n.
Irrespetive of V and t⊥ we have always observed |δn| < |∆n|, whih means that harge
arriers are always eletron like in one plane and hole like in the other. As expeted,
inreasing/dereasing either V or t⊥ leads to an inrease/derease of ∆n.
4.1.3. Understanding the asymmetry between planes The asymmetry between planes
regarding both harge and spin polarization densities an be understood based on the
Hartree-Fok bands shown in Fig. 6. The gure stands for V = 0.05 eV and t⊥ = 0.2t,
but an easily be generalized for other parameter values.
It should be noted rstly that in the biased bilayer the weight of the wave
funtions in eah layer for near-gap states is strongly dependent on their valene band
or ondution band harater.[13, 49, 50℄ Valene band states near the gap have their
amplitude mostly loalized on layer 2, due to the lower eletrostati potential −V/2
[see Eq. (4)℄. On the other hand, near-gap ondution band states have their highest
amplitude on layer 1, due to the higher eletrostati potential +V/2 for this layer [see
Eq. (4)℄.
The ase U < Uc shown in Fig. 6 (left) stands for the paramagneti phase. The
values m = 0 and ∆m = 0 seen in this phase are an immediate onsequene of the
degeneray of up and down spin polarized bands. The presene of a nite gap, however,
leads to the abovementioned asymmetry between near-gap valene and ondution
states. As a onsequene, a half-lled bilayer would have n2 = (4+∆n)/2 eletrons per
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Figure 6. (Color online) Hartree-Fok bands for up (full lines) and down (dashed
lines) spin polarizations. Three dierent ases are onsidered (from left to right):
U < Uc, U & Uc, and U ≫ Uc.
unit ell on layer 2 (eletron like harge arriers) and n1 = (4 − ∆n)/2 eletrons per
unit ell on layer 1 (hole like harge arriers), with ∆n 6= 0. Even though the system
studied here is not at half-lling, as long as |δn| < |∆n| the arriers on layers 1 and 2
will still be hole and eletron like, respetively. Note that as U is inreased the harge
imbalane ∆n is suppressed in order to redue the system Coulomb energy, as an be
seen in panel () of Fig. 4. From the band struture point of view a smaller ∆n is the
result of a smaller gap ∆g, whih means that inreasing U has the eet of lowering the
gap.
Let us now onsider the ase U & Uc shown in Fig. 6 (enter). The degeneray
lifting of spin polarized bands gives rise to a nite magnetization, m 6= 0. Interestingly
enough, the degeneray lifting is only appreiable for ondution bands, as long as
U is not muh higher than Uc. This explains why the total polarization m and the
dierene in polarization between layers ∆m have similar values, m ≈ ∆m, as shown in
panels (a) and (b) of Fig. 4  as only ondution bands are ontributing to ∆m, the spin
polarization density is almost ompletely loalized in layer 1, wherem1 = (m+∆m)/2 ≈
m, while the spin polarization in layer 2 is negligible, m2 = (m−∆m)/2 ≈ 0.
It is only when U ≫ Uc that valene bands beome non-degenerate, as seen in Fig. 6
(right). This implies that near-gap valene states with up and down spin polarization
have dierent amplitudes in layer 2. As the valene band for down spin polarization
has a lower energy the near-gap valene states with spin down have higher amplitude in
layer 2 than their spin up ounterparts. Consequently, the magnetization in layer 2 is
eetively opposite to that in layer 1, i.e., ∆m > m. This an be observed in panels (a)
and (b) of Fig. 4, where as U is inreased the magnetization of the two layers beomes
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Figure 7. (Color online) Panels (a), (b), and () show the nite temperature self-
onsistent solution for m, ∆m, and ∆n, respetively, with temperature measured in K.
The nite temperature phase diagram of the biased bilayer in the U vs. T plane is
shown in panel (d). The onstant parameters are V = 0.05 eV, t⊥ = 0.2t, t = 2.7 eV,
and δn = 0.00005 e−/unit ell.
opposite.
We note, however, that the ases U & Uc and U ≫ Uc mentioned above
are parameter dependent. For instane, the valene bands an show an appreiable
degeneray lifting already for U & Uc, espeially for small values of the t⊥ parameter
(t⊥ . 0.05t). In this ase the magnetization of the two layers is no longer opposite, with
∆m < m. This an be understood as due to the fat that as t⊥ is dereased the weight
of near-gap wave funtions beomes more evenly distributed between layers, leading not
only to a derease in ∆n but also in ∆m. As U is further inreased the energy splitting
between up and down spin polarized bands gets larger, enhaning ∆m. For U ≫ Uc,
and depending on the parameters V and t⊥, the magnetization of the two layers may
beome opposite even for small t⊥ values.
4.2. Finite temperature
Next we want to desribe the phase diagram of the bilayer in the temperature vs. on-site
Coulomb interation U plane. This is done in Fig. 7 for a harge density δn = 5× 10−5
eletrons per unit ell. For temperatures ranging from zero to T =1.1 K we studied the
dependene of m, ∆m and ∆n on the Coulomb on-site interation U . First we note that
the minimum ritial value Uc is not realized at zero temperature. There is a reentrant
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behavior whih is signaled by the smallest Uc for T = 0.06± 0.02 K. For temperatures
above T ≈ 0.1 K we have larger Uc values for the larger temperatures, as an be seen
in panel (a). The same is true for ∆m, panel (b). As in the ase of Fig. 4, the value of
∆m, at a given temperature and U value, is larger than m. Also the value of ∆n, shown
in panel (), is larger than δn. Therefore we have the two planes presenting opposite
magnetization and the harge arriers being hole like in one graphene plane and eletron
like in the other plane. In panel (d) of Fig. 7 we present the phase diagram in the T
vs. U . Exept at very low temperatures, there is a linear dependene of T on Uc. It is
lear that at low temperatures, T ≃ 0.2 K, the value of Uc is smaller than the estimated
values of U for arbon ompounds.[51, 52℄
4.3. Disorder
Cruial prerequisite in order to nd ferromagnetism is a high DOS at the Fermi energy.
The presene of disorder will ertainly ause a smoothing of the singularity in the DOS
and the band gap renormalization, and an even lead to the losing of the gap. We
note, however, that for small values of the disorder strength the DOS still shows an
enhaned behavior at the band gap edges.[53, 54℄ The strong suppression of eletrial
noise in bilayer graphene[55℄ further suggests that in addition to a high rystal quality
 leading to remarkably high mobilities[56℄  an eetive sreening of random potentials
is at work. Disorder should thus not be a limiting fator in the predited low density
ferromagneti state, as long as standard high quality BLG samples are onerned.
Let us also omment on the next-nearest interlayer-oupling γ3, whih in the
unbiased ase breaks the spetrum into four pokets for low densities.[8℄ In the biased
ase, γ3 still breaks the ylindrial symmetry, leading to the trigonal distortion of the
bands, but the divergene in the density of states at the edges of the band gap is
preserved.[54℄ Therefore, the addition of γ3 to the model does not qualitatively hange
our result.
5. Summary
We have investigated the tendeny of a biased bilayer graphene towards a ferromagneti
ground state. For this, we used a mean-eld theory whih allowed for a dierent arrier
density and magnetization in the two layers. We have found that in the ferromagneti
phase the two layers have unequal magnetization and that the eletroni density is
hole like in one plane and eletron like in the other. We have also found that at zero
temperature, where the transition an be driven by doping, the phase transition between
paramagneti and ferromagneti phases is rst-order.
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